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In t roduc t ion  

This  t e c h n i c a l  no te  reviews how one may trace a beam through a beam 

t r a n s p o r t  l i n e  from t h e  known magnetic element t r a n s p o r t  matrices. It shows 

t h a t  only i n  a rare case may one c a l c u l a t e  t h e  beam p o s i t i o n  i n  a downstream 

por t ion  of a l i n e  from t h e  known inpu t  p o s i t i o n  and t h e  matrix product of 

t h e  elements between t h e  inpu t  and output .  A se t  of c o r o l l a r i e s  are obtained 

t h a t  one needs only t o  remember t o  trace a beam t h r u  any beam l i n e .  Proce- 

dures  are g iven  t o  treat  any type  of magnetic element o f f s e t ,  t i lt ,  o r  

r o t a t i o n  i n  t h e  beam l i n e .  

The D r i f t  Space 

To i l l u s t r a t e  t h e  procedure necessary  t o  trace a beam t h r u  d i f f e r  n t  

magnetic elements,  t h e  d r i f t  space w i l l  be  s tud ied  thoroughly.  

c o r r e c t l y  t h a t  t h i s  -. procedure i s  no t  necessary  f o r  simple l i n e s ,  bu t  i t  i s  

t h e  only way t o  treat bending magnets wi th  edge focuss ing ,  g rad ien t  magnets, 

,or magnets wi th  h o r i z o n t a l  o r  ver t ica l  o f f s e t s .  

One may argue 

_ _  - - _ .  - -  - - .  - - 
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F igure  1 shows a d r i f t  space of l e n g t h  L. By d e f i n i t i o n  no f o r c e s  

are exer ted  on t h e  p a r t i c l e s  i n  a d r i f t  space,  and as a r e s u l t ,  t h e  p a r t i c l e s  

travel i n  a s t r a i g h t  l i n e .  I n i t i a l l y  only two dimensions w i l l  be  used: 
e 

Defining : 

---- x displacement of t h e  beam from t h e  cen te r  l i n e  of t h e  
XO 

d r i f t  space a t  t h e  en t r ance  t o  t h e  d r i f t  space ( inches) .  

8 ____ angle ,  measured wi th  r e s p e c t  t o  t h e  c e n t e r  l i n e  of t h e  
0 

d r i f t  space a t  t h e  i n p u t ,  ( rad ians)  

One may e a s i l y  w r i t e ;  

x1 = x + L tan e o  
0 

e = e  
1 0  

where x and 8 1 1 are t h e  va lues  a t  t h e  output  of t h e  d r i f t  space.  

This  va lue  i s  exac t  and can be  used f o r  r a y  t r a c i n g .  However, i n  a 

t r a n s p o r t  l ine  one is  a l s o  i n t e r e s t e d  i n  t h e  beam s i z e  as w e l l  as t h e  beam 

pos i t i on .  I n  f a c t ,  i n  beam l i n e  des ign ,  one i s  more i n t e r e s t e d  i n  beam s i z e  

s i n c e  t h i s  determines t h e  beam l i n e  ape r tu re s .  

It has  been shown i n  beam l i n e  design t h a t  i f  a l l  t h e  elements are 

descr ibed  wi th  l i n e a r  matrices, a s imple ma t r ix  equat ion  can be used t o  f i n d  

beam s i z e s  i n  a l o s s l e s s  beam l i n e .  A s  a r e s u l t ,  one always tries t o  express  

equat ions  l i k e  equat ion  1 i n  ma t r ix  form. 

bu t  i t  i s  necessary  f o r  beam s i z e  determinat ions.  

It i s  not; .necessary f o r  r ay  t r a c i n g ,  

Matrix form r e q u i r e s  a form as: 

= Axo + BO0 (2) X l  

el = Cxo + DOo 

where A, B, C y  and D are independent of x 
One can see t h a t  equat ion  1 can be  piit i n . t h e  matrix form if: 

and €lo. 
0 

0 2 eo t a n  €I 

This  occurs  f o r  s m a l l  angles .  

( 3 )  
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Thus t h e  w e l l  known t r a n s p o r t  matrix form f o r  a d r i f t  space becomes: 

= i x o  + Leo inches  X1 

el = oxo + l e o  r ad  i ans 

I f  m i l l i r a d i a n s ' a r e  used,  as is common: 

x1 = lxo + L/looo eo 

el = oxo -I- i o o  

(4) 

(5) 

Corol la ry  #1 can now be s t a t e d :  

I/ 1 The t r a n s p o r t  matrix equat ion  r e p r e s e n t a t i o n  of a magnetic 

,element i s  n o t  t h e  exact d e s c r i p t i o n  of t h e  element. It i s  

only a s i m p l i f i c a t i o n .  

The d i s t a n c e  and ang le  f o r  t h e  d r i f t  space are measured wi th  

r e spec t  

r e f e r r e d  t o  as t h e  element cen t ro id  a s , i n  s tandard  t r a n s p o r t  p r a c t i c e .  

o t h e  c e n t e r  l i n e  of t h e  d r i f t  space.  This  c e n t e r  l i n e  w i l l  now be  

Corol la ry  #2 can now be  s t a t e d :  

I/ 2 To u s e  t h e  t r a n s p o r t  matrix, one must know where t h e  cen t ro id  

i s  f o r  t h a t  m a t r i x .  

i n s u f f i c i e n t  information t o  s o l v e  beam r a y  t r a c i n g  problems. 

Knowing only t h e  tnanspor t  ma t r ix  i s  

Matrix form and matrix m u l t i p l i c a t i o n  can be used t o  t r a n s p o r t  

a p a r t i c l e  o r  a beam from t h e  inpu t  of a magnetic element t o  t h e  output  of 

t h e  magnetic element. 

Equat ion4  can be  w r i t t e n  i n  matrix form as: 

where : 

[VXq 
i s  t h e  vec to r  desc r ib ing  t h e  inpu t  parameters:  

For F igure  1: 

k x 4  = [j 
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The input vec tor  [VXO] can a l s o  be a 5 dimensional vector:  

and 6 have standard t r anspor t  de f in i t i ons .  
0 

where x 6 
0 0’ y o )  $ 0 ,  

-- hor i zon ta l  displacement of input ray,  i n  inches,  with respec t  
XO 

t o  t h e  assumed c e n t r a l  t r a j e c t o r y  o r  centroid.  

Bo -- t h e  angle t h a t  t h i s  input ray  makes i n  t h e  ho r i zon ta l  plane with 

respec t  t o  t h e  c e n t r a l  t r a j e c t o r y  o r  centroid.  

Y -- v e r t i c a l  displacement of input ray  with respec t  t o  c e n t r a l  
0 

t r a j e c t o r y  o r  centroid.  

9, -- t he  angle t h a t  t h i s  input ray  makes i n  v e r t i c a l  plane with respect 

t o  c e n t r a l  t r a j e c t o r y  or centroid. 

6 -- np/p = f r a c t i o n a l  momentum devia t ion  (X) of t h i s  input ray  and 
0 

t h e  assumed c e n t r a l  t r a j e c t o r y  or  centroid. 

I f  a 5 dimensional vec tor  i s  used, t h e  t r anspor t  matrix f o r  t h e  magnetic 

element a l s o  becomes a 5x5 square matrix,  R. 

[RI  = 

The output vec tor  then i s  a 5 dimensional vector.  

The standard vec tor  equation f o r  a d r i f t  space o r  any other magnetic 

element i s  t h e  following w e l l  known equation: 

[VXL] = [R]  x [VXO] (10) 
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It should be emphasized t h a t  t h i s  gives t h e  vec tor  [VXl], a t  t h e  end 

of t h e  magnetic element knowing the  vec tor  

element. The centroid and t h e  [R] matrix must be known. Nothing is  known 

about t h e  beam outs ide  t h i s  element. 

[ F O ]  a t  t h e  input of t h e  e 
The Beam Pipe Element 

A new t r anspor t  l i n e  element w i l l  now be introduced t o  keep t r a c k  of 

element cent ro ids ,  ca l led  a Beam Pipe element. A l l  beam l i n e  instrumenta- 

t i o n  such as swics o r  f l a g s  a r e  assumed t o  be loca ted  only i n  t h e  Beam Pipe 

element. 

other by B e a m  P i p e  elements. Thus, two d r i f t  spaces are not allowed t o  be 

connected. 

A l l  commonly known t r anspor t  elements are separated from each 

They must be connected th ru  a B e a m  Pipe element. 

A Beam P i p e  element has a un i ty  matrgx. I f  t h e  input t o  t h e  B e a m  P i p e  

i s  t h e  vec tor  [VBPO], t h e  output is  the  vec tor  [VBPl] and: 

[VBPl] = [VBPO] Equation (11) 

always i n  t h e  same Beam Pipe element. 

The cent ro id  of t h e  Beam Pipe element i s  t h e  cen te r  l i n e  of t h e  beam 

pipe. 

A t h i r d  co ro l l a ry  may be s t a t ed :  

i/ 3 A l l  magnetic elements i n  a t r anspor t  l i n e  are separated from each 

o ther  by the  un i ty  matrix Beam P i p e  element. 

To show t h e  procedure f o r  solving beam s t e e r i n g  problems, several 

examples using a d r i f t  space w i l l  be used. 

- e - -  
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0 

I n  t h e  Beam P i p e  A (12) 

[VBPO] = Fj 
0 

i n  t h e  hor izonta l  plane 
only 

Transforming t h i s  vec tor  t o  t h e  d r i f t  space, t h e  vec tor  a t  t h e  input 

of t h e  d r i f t  space i s  [VXO]. 

' [j [VXO] = [VBPO] = 

Moving th ru  t h e  d r i f t  space using t h e  t r anspor t  matrix [R] 

[VXL] = [R] x [VXO] 

Transforming thYs vec tor  t o  beam pipe B 

[VBPl] = [VXl] 

This t r i v i a l  example i l l u s t r a t e s  t h e  four  important vec tors  [VBPO], 

[VXO], [VXl] and [VBPl]. 

Example #2 

Consider t h a t  t h e  d r i f t  space is  o f f s e t  from t h e  beam p i p e  i n  t h e  

ho r i zon ta l  d i r e c t i o n  by t h e  d is tance  A. 

- -  - -. .. . . . . .. . __ ~ - -  - . 

3 

3 
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0 

[VBP0lA =I' 
9 

Because of t h e  o f f s e t :  

[VXO] =I; + J 
[VXL] = [R]  x [ V X O ]  = [R]  x 

The output  v e c t o r  i n  beam p ipe  B i s  a l s o  s h i f t e d  from t h e  [VXI] v e c t o r  

a t  t h e  output  of t h e  d r i f t  space. 

It i s  t r u e  t h a t  s i n c e  c e r t a i n  elements of t h e  d r i f t  space [R] matrix 

are u n i t y  o r  zero ,  t h a t  t h e s e  f o u r  s t e p s  could be combined. 

gene ra l ,  one must always fo l low t h e s e  fou r  s t e p s  f o r  each magnetic element. 

However, i n  

Corol la ry  #4 can now be  s t a t e d :  

# 4  To trace a beam from t h e  inpu t  beam p ipe  t o  t h e  output  beam pipe ,  

f o u r  v e c t o r s  [VBPO], [VXO], [ V X l ] ,  and [VBPl] must be  found f o r  

each element i n  t h e  beam l i n e .  

Example # 3  

Consider t h a t  t h e  element i s  r o t a t e d  i n  t h e  h o r i z o n t a l  p lane  by an ang le  

. . . - . . . . . . -. . . -. . - _. -~ -. . ... - - - - . . . - ... .~ - - - -  , .  . 
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Actua l ly ,  t h e  important  f a c t  i s  no t  t h a t  t h e  element is  r o t a t e d ,  bu t  

t h a t  t h e  cen t ro id  of t h e  element makes an angle  01 w i t h  t h e  cen t ro id  of t h e  

beam pipe.  The cen t ro id  i n  some elements ,  as i n  bending magnets, w i l l  move 

even though t h e  phys ica l  magnet i s  n o t  moved. 

Following Corol la ry  #4. 

For s m a l l  angles  a s i m p l i f i c a t i o n  may be  made, bu t  is  not e s s e n t i a l :  

cos  a = 1 

0 c 

I f  t h e  last equat ion  i s  expanded: 

- 
'VBPl - '1 

'VBPl = 61 - '01 

one can see t h a t  t h i s  can n o t  be expressed as a matrix equat ion ,  i.e., 

one can n o t  w r i t e :  

= Ax1 + Be1 'VBPl 

%BPI = Cxl + De1 

bu t  must w r i t e  

= Cxl + De1 - 01 'VBPl 
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One can conclude that if the centroids for all the magnetic elements 

are not aligned, one can not use matrix multiplication to find the output 

vector from the product of several element matrices and the input vector. 

It is necessary to step thru the beam line element by element. 

However, the equations for each of the elements do not have to be derived 

since the transport matrices for all elements have been evaluated. 

necessary to know where the centroid is for each of the elements so that one 

can move from the beam pipe into the element or from the element to the beam 

pipe. 

It is 

The Quadrupole Matrix 

A quadrupole t s  a four pole magnet as shown 

- . -  . .  - -  . __. - - - -  - - . - - 

0 

------ 5==-- 
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For a pure quadrupole f i e l d :  

B = B y  
0 - X 

a 

B = B X  y -  0 

where B is  t h e  f i e l d  a t  t h e  pole  and 

a is  t h e  pole  r ad ius  
0 

-a- 

The l eng th  of the quad is  L. 

I f  one knows t h e  input  vec to r  t o  t h e  quad, [VXO],  one can so lve  f o r  t h e  

output  vec to r  [ V X l ]  us ing t h e  above f i e l d  equations.  One must de f ine  a cent ro id  

f o r  t h e  quadrupole and, f o r  r ay  t r a c i n g ,  t h i s  can be loca ted  anywhere wi th in  

t h e  quad, w i th in  reason. For example, t h e  phys ica l  bottom of t h e  quad could 

be t h e  cent ro id  loca t ion .  However, as discussed f o r  t h e  d r i f t  space,  i t  i s  

des i red  t o  be a b l e  t o  express  t h e  output  vec to r  as a product of an input  vec to r  

and an element matrix. 

no t  f o r  beam s t ee r tng .  

i s  t h e  o p t i c a l  o r  phys ica l  cen te r  of t h e  i d e a l  quad, t h e  expression r e l a t i n g  

This is necessary f o r  beam s i z e  determinat ion but  

Penner has found t h a t  i f  t h e  cent ro id  of t h e  magnet 

t h e  output vec to r  t o  t h e  inpu t  vec to r  i s  a 

known Quadrupole Transport  Matrix. 

R =  

[ V X l ]  = [R.] x [VXO] where 

'cos (KL) 

-K s i n  (KL) 

0 

0 

0 

I < =  yg 

- 1 sin (KL) 
K 

cos (KL) 

0 

0 

0 

square matr ix  ... t h e  commonly 

0 0 

0 0 

cosh (KL) 1 s i n h  (KL) 
K 

K s inh  (KL) cosh (KL) 

0 0 

@/e) = r i g i d i t y  = 1313.24 P wi th  

P i n  Gev/c and Bo i n  KG/in. 
- 
a 

L - l eng th  i n  inch  3 .  
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The cen t ro id  i s  loca ted  i n  t h e  c e n t e r  of t h e  quad. 

Following Corol la ry  13, t h e  output  beam can be  found f o r  any l o c a t i o n  

of t h e  quad. I f  t h e  quad a x i s  i s  o f f s e t  from t h e  beam p ipe  a x i s ,  [VXO] is 

found from t h e  o f f s e t  and [VBPO]. The quad can a l s o  be  r o t a t e d  o r  t ipped.  

It is  only necessary  t o  know t h e  d i s t a n c e  between t h e  cen t ro id  of t h e  beam 

p ipe  and t h e  quad cen t ro id .  

The Dipole Matrix 

The most confusing element f o r  beam l i n e  t r a c i n g  w a s  found t o  be  t h e  

s imple d ipole .  

t h e  cen t ro id  f o r  a d i p o l e  a c t u a l l y  is. 

The reason f o r  t h i s  confusion w a s  a l a c k  of knowledge of where 

To t ransform t h e  Beam P ipe  vec to r ,  

[VBPO] i n t o  t h e  i n p u t  element v e c t o r ,  [VXO], one needs t o  know t h e  l o c a t i o n  

of t h e  Beam P ipe  cen t ro id  and t h e  d i p o l e  magnet cen t ro id .  

The wedge magnet matrix w a s  f irst  found by Penner. H i s  d e r i v a t i o n  w i l l  

now be  ou t l ined  s o  t h a t  t h e  most e s s e n t i a l  resu l t s  can be  shown. H e  f i r s t  

assumed a wedge magnet and then  added c o r r e c t i o n s  f o r  a r ec t angu la r  magnet. 

H i s  d e f i n i t i o n  of a wedge magnet is  a magnet i n  which t h e  c e n t r a l  t r a j e c t o r y  

o r  c e n t r o i d  e n t e r s  and leaves t h e  magnet perpendicular  t o  t h e  f a c e  of t h e  

magnet. T h i s  i s  shown i n  F igure  6 .  The magnet f i e l d  is  assumed cons tan t  

and i n  t h e  ver t ica l  d i r e c t i o n .  A s  a r e s u l t  when t h e  beam enters t h e  magnet, 

i t  fo l lows  t h e  arc of a c i rc le  i n  t h e  r a d i a l  o r  h o r i z o n t a l  p lane  wi th  a r a d i u s  

of cu rva tu re  of p .  

It should be  emphasized t h a t  t h i s  i s  n o t  a d i f f i c u l t  problem i f  only beam 

ray  t r a c i n g  i s  considered. 

could be  taken  as t h e  bottom of t h e  magnet and t h e  output  r a y  l o c a t i o n  and 

angle  could b e  found. The problem, however, i s  t o  be  a b l e  t o  express  t h e  

output  ang le  and p o s i t i o n  as a matrix product  of t h e  inpu t  angle  and pos i t i on .  

Penner solved t h i s  problem by measuring d i s t a n c e  and angle  from a s p e c i a l  r ay  

c a l l e d  a c e n t r a l  t r a j e c t o r y  o r  cent ro id .  It should be  apparent  t h a t  as t h e  

c u r r e n t  changes i n  t h e  magnet, t h e  bend angle  a, w i l l  change. Thus, i f  t h e  

components of [VBPO] are f i x e d ,  t h e  components of the [VXO] v e c t o r  w i l l  change. 

This  w a s  t h e  reason f o r  i n t roduc ing  t h e  Beam P ipe  element. 

The c e n t e r  of t h e  coord ina te  system o r  t h e  cen t ro id  
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FIGURE 6 
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Figure 6 shows t h e  components of [VXO] which is  t h e  vec tor  a t  t h e  input 

of t h e  wedge d ipole  

One wants t h e  components x and el of t h e  output vector.  Penner assumes 1 
t h a t  t h e  unknown ray  can a l s o  have a s l i g h t l y . d i f f e r e n t  momentum, P + AP, 

from t h e  c e n t r a l  ray  o r  centroid.  

Leff (inches) and t h e  f i e l d  is  B (kilogauss) then: 

I f  t h e  e f f e c t i v e  length of t h e  magnet is 

CY, 
2 s i n  - . = BLeff 2 -  

@/e> 

where @/e) i s  t h e  r i g i d i t y  of t h e  p a r t i c l e s  i n  (Kilogauss-inches). 

Lef f 
P = -  f o r  s m a l l  bending angles. U 

Following Penner's procedure, and co r rec t ing  t h e  mispr in t  i n  h i s  

equation 23, one o b t a i n s , t h e  exact r e s u l t s :  

Sin el = (0-4- Ap) s i n  ( e o  + - (p + x0> s i n  p 

(P + AP) 

and 
cos h - p cos ( a  + e o )  - AP cos ( a  + eo)  + - 

x1 - xo 

+ Ap cos e + p (cos a + cos €I1 - 1) 1 

Note t h a t  0 must be found before x can be evaluated. 1 1 
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These equations are s u f f i c i e n t  f o r  ray  t r ac ing  but can be s impl i f ied  

f o r  matrix ca lcu la t ions .  I f  one assumes s m a l l  angles and a s m a l l  momentum 

di f fe rence :  

a 

e << 1 1 

Then one obta ins  the  standard t r anspor t  matrix eguation f o r  a wedge magnet. 

xl. = (cos q) xo -I- (ps in  a )  eo -!- (1-cos a) Ap 

AP 
- s i n  Q 
- P 0 P 

I n  t e r m s  of t h e  momentum devia t ion ,  t h e  standard matrix becomes: 

p (1-cos a) 1 cos a p s i n  01 

-sin a 
P 

0 

cos a 

0 .  J s i n  a 

1 

Wedge Magnet Matrix i n  t h e  Bend Plane 

The wedge magnet v e r t i c a l  o r  non-bend plane matrix is t h e  d r i f t  space 

matrix. 

The Transport Program Manual gives t h e  t r anspor t  matrix f o r  o ther  elements 

a l so .  

Program. 

and t h a t  one can e a s i l y  obta in  t h e  output vec tor  of t h e  element, [VXl] from 

t h e  input vec tor  [VXO]. 

t h e  obtaining of t h e  trans5orm from t h e  Beam Pipe input ,  [VBPO] t o  [VXO] arid 

There are provisions f o r  p r in t ing  these  matrices with t h e  Transport 

The important f a c t  f o r  ray  t r ac ing  i s  t h a t  these  are a l l  ava i l ab le  

The sometimes d i f f i c u l t  and important problem is  
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. the t ransform from t h e  element output ,  [VXl] t o  t h e  output  Beam P ipe  [VBPl]. 

One may no te  t h a t  t h e  r ec t angu la r  magnet has  a matrix i n  t h e  h o r i z o n t a l  p lane  

of a d r i f t  space  so  t h a t  t h e s e  t ransformat ions  can be  s impl i f i ed .  However, 

t h e s e  t ransformat ions  must be  done f o r  any element i n  which t h e  ma t r ix  i s  no t  

a s imple d r i f t  space  ma t r ix  ... i .e . ,  ver t ica l  focus ing  i n  a d i p o l e  o r  g rad ien t  

f i e l d s  i n  a d ipole .  

Tracing A B e a m  Thru A Dipole 

Tracing a beam t h r u  a d i p o l e  is  s i m i l a r  t o  t r a c i n g  a beam t h r u  a d r i f t  

Dif- space except  t h a t  t h e  cen t ro id  is  curved r a t h e r  than  a s t r a i g h t  l i n e .  

f e r e n t  types of d ipo le s  exist  i n  beam l i n e s .  

t h e  beam a few m i l l i r a d i a n s  and i s  used f o r  s t e e r i n g  co r rec t ions .  This  can 

be  considered a wedge d i p o l e  f o r  beam t r a c i n g  problems. A d i p o l e  t h a t  bends 

a beam a few degrees  i s  u s u a l l y  considered a symmetrical r ec t angu la r  d ipole .  

The matrix f o r  t h i s  d i p o l e  inc ludes  edge e f f e c t s  which produce ver t ica l  

focuss ing  f o r  a h o r i z o n t a l  d ipole .  

l oca t ed  s o  t h a t  t h e  inpu t  Beam P ipe  element makes t h e  same ang le  wi th  t h e  

inpu t  magnet f a c e  as t h e  output  Beam P ipe  element makes w i t h  t h e  output  magnet 

face .  

The common t r i m  d i p o l e  bends 

It is  symmetrical because t h e  magnet i s  

Figure  7 shows a t r i m  d i p o l e  l y i n g  i n  t h e  beam l i n e  wi th  t h e  c u r r e n t  

ad jus t ed  t o  bend a beam a m i l l i r a d i a n s .  
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The cen t ro id  f o r  t h e  d i p o l e  i s  an arc of a circle. For convenience i t  

can be assumed t o  i n t e r s e c t  a t  t h e  cen t ro id  of t h e  Beam P ipe  A and Beam Pipe  

B. Thus: 

[ V X l ]  = [R] x [VXO] = 

Transforming out  t o  Beam P ipe  B 

[VBPl] = 
x1 cos  a121 

1 el - a12 = p; - d 2 ]  

Note t h a t  i f  t h e  d i p o l e  matrix is a d r i f t  space ,  then 

el = eo - 0112 

and VBPl(8) = ei - a / 2  = eo - 01 , 

e 
The output  Beam P ipe  ang le  d i f f e r s  from t h e  inpu t  Beam Pipe  ang le  by t h e  

This  is  only t rue  i f  t h e  matrix element is  equal  bend ang le  of t h e  magnet a. 
t o  a d r i f t  space. 

For t h e  r ec t angu la r  magnet, symmetrically loca t ed ,  one must inc lude  t h e  

bend ang le  between t h e  two Beam P ipe  elements. 

. . .  .. . . . - -  . .  . . . . - . , . . . . . . . 
~ _ _ _ _  __ ._ __ -. - -  - 

E 
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BP' Assume t h a t  t h e  angle between Beam Pipe A and Beam P i p e  B i s  y 

This angle i s  f ixed  s ince  it is determined by t h e  beam l i n e  layout when the  

beam l i n e  i s  designed. The bend angle f o r  t he  magnet i s  a and varies with 

Transforming t h i s  t o  the  entrance t o  t h e  magnet, one must measure t h i s  

BP vec tor  from t h e  cent ro id  i n  t h e  magnet. 

must be included. 

One can see t h a t  both y and a 

Assuming, f o r  s impl i c i ty ,  only 2 components f o r  [VBPO]; and 

vxo(e) = vspo(e) - - a -I- yBp 
2 -  2 

For s m a l l  angles: 

VXO(x> = VBPO(x) = xo 

or  i n  vec tor  notation: 

Isd. [Vxl] = [R] x [VXO] = 

And transforming t o  Beam Pipe B 

[VBPl] = 

2 -  2 
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Qne can see t h a t  t h e  v e c t o r  [VBPl] can no t  be  expressed as a matrix 

product of d i f f e r e n t  matrices and t h e  inpu t  vec to r  as long as sum and 

d i f f e r e n c e  t e r m s  exist. Thus, on ly  i n  t h e  rare case t h a t  y and 01 are 

equal  can t h e  output  v e c t o r  be  expressed as: 
BP 

[VBPl] = [R] x [VBPO] 

This case occurs  i f  t h e  bending magnet c u r r e n t  i s  ad jus t ed  so  t h a t  t h e  

cen t ro id  bends t h e  same amount as t h e  beam pipe.  I f  t r i m  magnets are i n  t h e  

l i n e  and t h e  beam p ipe  does n o t  bend, then  only i f  t h e  c u r r e n t  i s  zero can 

t h e  output  be  expressed as a v e c t o r  product  of t h e  input .  

Note t h a t  no l i m i t a t i o n s  are put  on t h e  [R] matrix. The only  requirement 

i s  t o  know t h e  l o c a t i o n  of t h e  c e n t r o i d  of t h e  [R] matrix. For t h i s  reason 

t h e  [R] ma t r ix  could be  a r ec t angu la r  d i p o l e  o r  p i t c h i n g  magnet, a g rad ien t  

d ipole ,  o r  a t i l t e d  o r  r o t a t e d  d ipole .  

The observer  should n o t e  t h a t  t h i s  i s  n o t  a new technique.  I f  one w e r e  

t o  trace a beam t h r u  magnetic elements by i n t e g r a t i n g  t h e  magnetic f i e l d s ,  

t h e  s a m e  procedure would b e  necessary.  The d i f f e r e n c e  is  t h a t  i t  is  assumed 

t h a t  t h e  element [R] ma t r ix .g ives  t h e  element output  l o c a t i o n  v e c t o r  from t h e  

inpu t  l o c a t i o n  vec to r .  

Conclusion 

This t e c h n i c a l  no te  o u t l i n e s  a procedure f o r  t r a c i n g  a beam through any 

beam l i n e .  This  is  necessary  t o  s o l v e  beam s t e e r i n g  problems. The most 

important  r e s u l t  is  t h a t  t h e  commonly known Transport  Matrices can be  used 

t o  s t e p  t h r u  each element providing t h e  cen t ro id  i s  known f o r  each element. 

It i s  n o t  p o s s i b l e  t o  m u l t i p l y  o r  combine matrices t o  f i n d  t h e  output  v e c t o r  

i n  t e r m s  of t h e  inpu t  v e c t o r  due t o  s h i f t s  i n  element cen t ro ids .  

can be  summarized i n  fou r  c o r o l l a r i e s .  

The r e s u l t s  

j /  1 The t r a n s p o r t  matrix equat ion  r e p r e s e n t a t i o n  of a magnetic element 

is  n o t  t h e  exac t  d e s c r i p t i o n  of t h e  element. It is  only  a 

s i m p l i f i c a t i o n .  
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/i 2 To use  t h e  t r a n s p o r t  matrix, one must know where t h e  cen t ro id  

i s  f o r  t h a t  matrix. Knowing only t h e  t r a n s p o r t  matrix is  

i n s u f f i c i e n t  information t o  solve beam ray  t r a c i n g  problems. 

/i 3 A l l  magnetic elements,  inc luding  d r i f t  spaces ,  i n  a beam 

t r a n s p o r t  l ine  are separa ted  from each o t h e r  by t h e  u n i t y  matrix 

Beam P ipe  element. 

To trace a beam from t h e  inpu t  Beam P ipe  t o  t h e  output  Beam Pipe,  

f o u r  v e c t o r s  [VBPO], [VXO], [VXZ], and [VBPl] must be found f o r  

each element i n  t h e  beam line. 

/i 4 

Appendix A g ives  an  example us ing  t h i s  procedure f o r  t h e  upstream p a r t  

of t h e  U l i n e .  

l d  



Y # -20- 

References:  

1. 

2. 

3 .  

R.L. Brown e t  a1 "TRANSPORT, A Computer Program f o r  Designing Charge 

P a r t i c l e  Beam Transport  Systems," SLAC-91, Rev. 2 ,  May 1977 

S. Penner "Calcula t ions  of P r o p e r t i e s  of Magnetic Def l ec t ion  Systems," 

"The R e v i e w  of S c i e n t i f i c  Instruments," Vol. 32, f2, p150-160, Feb. 1961 

J.F. Ryan "The QTUNE Program .. The AGS Ex t rac t ed  B e a m  Transpor t  Program;" 

AGS Tech Note #181, Aug. 4 ,  1982 



APPENDIX A -- A R e a m  Line Ray Tracing Example 

As an example of t h i s  procedure,  a beam w i l l  be  t r aced  through t h e  

first several magnets i n  t h e  U l i n e .  

A1 . The beam l i n e  is shown i n  Figure 
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The c h a r a c t e r i s t i c s  of t h i s  beam l i n e  are given i n  Figure A2, 
l i n e s  1-18. 

The f i r s t  element i s  a 95.045 inch  d r i f t  followed by a wedge 

p i t ch ing  magnet, UPO9. 

(GEL = 0.03 and p o s i t i v e  i n d i c a t e s  a bend down). 

This  magnet bends t h e  beam dopm by 0.03 degrees  

Following UP09 i s  a 

85.78 i nch  d r i f t  space.  

quad wi th  a g rad ien t  of 7.98839 KG/inch. 

UQ1 fol lows which is  a h o r i z o n t a l l y  focussing 

This magnet i s  assumed o f f s e t  

i n  t h e  p o s i t i v e  h o r i z o n t a l  d i r e c t i o n  by 0.1 i nch  (XSHIFT = 0.1). A 

19.5 i nch  d r i f t  fo l lows  UQ1. This is  followed by a v e r t i c a l l y  focus- 

s i n g  quad UQ2 with  a g rad ien t  of 7.69255 KG/inch. It is  assumed t h a t  

t h i s  magnet i s  o f f s e t  h o r i z o n t a l l y  and v e r t i c a l l y  by 0.1 i nch  (XSHLFT = 

YSHIFT = 0.1). 

d r i f t  is  then  followed by t h r e e  symmetrically loca t ed  r ec t angu la r  

d i p o l e  magnets uD1,2,3 separa ted  by 18.1 inch  d r i f t  spaces.  These 

d ipo le s  bend the  beam 1.44220 degrees each i n  t h e  h o r i z o n t a l  d i r e c t i o n .  

The beam pipe bends 1.41664 degrees i n  each of t h e s e  magnets. It i s  

assumed t h a t  t h e  beam a t  t h e  s tar t  can be descr ibed by an i n i t i a l  

vec to r  START. 

This magnet is  followed by a 18.794 i nch  d r i f t .  This  

p o s i t i v e  i s  w e s t  

p o s i t i v e  is  w e s t  

p o s i t i v e  i s  up 

p o s i t i v e  is  up 

The computer p r i n t o u t  of F igures  A2-A5 step-by-step traces t h e  

beam through t h i s  beam l i n e .  
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l i n e  20 

l ine  21 

l i n e  22 

l i n e  23 

l i n e  24 
l i n e s  25-30 
l i n e  32 

l i n e  33 

l i n e  36 

l i n e  40 

l i n e  41 

l i n e  50 

l i n e  51 

l i n e  58 

l i n e  59 

The 5 components of t he  i n i t i a l  s t a r t i n g  vec to r  

are p r in t ed .  

The element is  a d r i f t  (blank) .  DL should be  

neglected.  

Transforming t h e  s t a r t i n g  vec tor  i n t o  t h e  bean 

pipe,  one ob ta ins  [VBPO]. 

Since t h i s  is  a d r i f t ,  [VXO] = [VBPO] . 
The element l eng th ,  DZ = 95.045 inch.  

The [R] matrix f o r  t h i s  d r i f t  space. 

The v e c t o r  [VXl] a t  t h e  output  of t h e  d r i f t  

[VXl] = [R] x [VXO] 

Transforming t h e  [VXl] vec to r  i n t o  t h e  beam pipe  

t o  ob ta in  [VBPl]. 

[VBPl] repea ted  i n d i c a t i n g  t h e  end of t h e  

element. 

The beam pipe  vec to r  at t h e  beginning of UP09 i s  

t h e  same as t h e  beam p ipe  vec to r  a t  t h e  end of 

t h e  previous element - [VBPO] = [VBPl]. 

Transforming [VBPO] i n t o  t h e  p i t ch ing  magnet t o  

o b t a i n  [VXO]. Note t h a t  a p o s i t i v e  iny  d i r e c t i o n  

i s  up and t h i s  magnet bends down. The beam pipe 

does not  bend. = .03 deg = 0.5236 mr. Note 

t h a t  t h e  mry component i s  changed by a/2. 

The vec to r  [VXl] obtained from [VXO] and the  [R] 
matrix f o r  t h e  wedge magnet. 

Transforming out  t o  t h e  beam pipe ,  t h e  mry 

component i s  changed by a/2 again.  (see Figure 

7 on Wedge Magnet) 

The [VBPl] vec to r  f o r  t h e  p i t ch ing  magnet 

becomes t h e  [VBPO] vec to r  f o r  t he  next  d r i f t  

space.  

For a d r i f t  space,  [VXO] = [VBPO]. 
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l i n e s  74-81 

l i n e  82 

l i n e  157 

l i n e  158 

The output  vec to r  [VBPl] f o r  t he  d r i f t  space 

becomes t h e  inpu t  vec to r  [VBPO] f o r  UQ1. 
The quad i s  o f f s e t  by 0.1 inch  i n  t h e  ho r i z .  

d i r e c t i o n  s o  t h a t  t h e  INX component changes 

t ransforming from t h e  beam pipe  t o  t h e  magnet. 

The h o r i z o n t a l  focussing quad matrix. l i n e s  84-89 

l i n e  92 To o b t a i n  [VBPl] from [VXl], t h e  INX component 

i s  changed by t h e  o f f s e t .  

l i n e s  95-153 The vec to r s  are s tepped through d r i f t  spaces and 

a v e r t i c a l l y  focuss ing  quad o f f s e t  ho r i z .  and 

v e r t i c a l l y .  

The inpu t  beam pipe  vec to r  t o  UD1, a rec t angu la r  

d ipole .  

To o b t a i n  t h e  mrx component of [VXO], t h e  MRX 

component of [VBPO] i s  changed by t h e  bend angle  

of t h e  magnet and the  beam pipe.  The magnet 

bends more than the  beam pipe by 0.02556 deg o r  

0.44611 m r .  The m r x  component is  changed by ha l f  

t h i s  angle .  

l i n e s  160-164 The [R] matr ix  f o r  UD1. 
l i n e  167 The output  [VXl] vector .  Note t h a t  t h e  mry 

component of [VXl] i s  less than  [VXO] i l l u s t r a -  

t i n g  ver t ical  focussing.  

l i n e  168 Transforming [VXl] out  t o  [VBPl] t h e  EIRX compo- 

nent  is  aga in  changed by ha l f  t h e  angle  d i f f e r -  

ence. 

l i n e s  169-end The VBPl vec to r s  are found f o r  each component by 

s tepping  through each element. 

I f  one wanted t o  p l o t  t h e  x and y p o s i t i o n  f o r  t h i s  example, t h e  

inx and iny  would b e  p l o t t e d  a g a i n s t  t h e  downstream z .  

I d  
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APPENDIX A -- A Beam Line Ray Tracing Example 

As an example of t h i s  procedure, a beam w i l l  be traced through the 

f i r s t  several  magnets i n  the U l i ne .  The beam l i n e  i s  shown i n  Figure 

A1 . 
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